Abstract-This paper is concerned with the optimal guaranteed cost sliding-mode control problem for interval type-2 (IT2) Takagi-Sugeno fuzzy systems with time-varying delays and exogenous disturbances. In the presence of the uncertain parameters hidden in membership functions, an adaptive method is presented to handle the time-varying weight coefficients reflecting the change of the uncertain parameters. A new integral sliding surface is presented based on the system output. By designing a novel adaptive sliding-mode controller, system perturbation or modeling error can be compensated, and the reachability of the sliding surface can be guaranteed with the ultimate uniform boundedness of the closed-loop system. Optimal conditions of an H 2 guaranteed cost function and an H ∞ performance index are established for the resulting time-delay control system. Finally, an inverted pendulum system represented by the IT2 fuzzy model is applied to illustrate the advantages and effectiveness of the proposed control scheme.
Optimal Guaranteed Cost Sliding-Mode Control of
Interval Type-2 Fuzzy Time-Delay Systems with uncertainties existing in membership functions. Recently, an interval type-2 (IT2) T-S fuzzy model [11] , [12] has been proposed based on IT2 fuzzy sets. IT2 T-S fuzzy systems use the idea of the well-defined lower and upper membership functions to handle uncertain parameters existing in membership functions. It has been demonstrated that IT2 T-S fuzzy systems are more universal, and the control synthesis results based on IT2 T-S fuzzy models possess less conservativeness compared to type-1 T-S fuzzy systems. Some typical control approaches on the basis of IT2 T-S fuzzy systems have been reported [13] - [17] . The work in [17] dealt with the model reduction problem for uncertain nonlinear systems via an IT2 T-S fuzzy model approach. Trajectory stabilization of a computer-simulated model car with uncertain velocity was dealt with in [18] via IT2 fuzzy control systems. In terms of the uncertain parameters of the membership function, there still exist additional uncertainties including external disturbance, modeling error, and complex system perturbation. In order to compensate the uncertainties and disturbances, several control methods [19] - [25] have been proposed. Among these results, sliding-mode control (SMC) has been recognized as a forceful robust control approach. It has attracted significant attention and has been successfully applied in a wide range of practical systems [26] - [28] . Using the SMC strategy to the control systems, strong robustness for uncertainties and fast response of system stability can be achieved. To point a few, a second-order sliding-mode observer in [29] was designed for multicell converters formulated as a type of a hybrid system. The work in [30] utilized the SMC approach to resolve the stabilization problem for a class of uncertain nonlinear systems described by the type-1 T-S fuzzy model. By using the SMC strategy, an IT2 fuzzy sliding-mode controller was incorporated in [31] in order to compensate for undesired mechanical couplings and to match the resonant frequencies for application in single-axis microelectromechanical system vibratory gyroscopes. The adaptive SMC problem for IT2 T-S fuzzy systems has been solved in [32] . However, there are few SMC results about the IT2 fuzzy time-delay systems controlled. The topic of SMC with guaranteed cost performance for the IT2 fuzzy timedelay systems is interesting and challenging, which motivates this study.
Based on the aforementioned discussion, the optimal guaranteed cost SMC problem for a class of IT2 fuzzy time-delay systems with H ∞ performance is studied in this paper. First, an IT2 T-S fuzzy model is used to represent the nonlinear system with uncertainties. H 2 guaranteed cost function and H ∞ performance index are established for the resulting time-delay system. Second, an integral sliding surface is designed, and the desired H 2 guaranteed cost constraints and H ∞ constraints are analyzed based on the Lyapunov stability theory. Finally, a novel slidingmode controller is proposed to guarantee that the closed-loop system is uniformly ultimately bounded. The advantages of the proposed results in this paper can be summarized as follows.
1) Parameter uncertainties, time delay in states, and system perturbation or modeling error are considered in the plant represented by the IT2 T-S fuzzy model. 2) Optimization algorithms of SMC in terms of guaranteed cost and H ∞ performance index for the IT2 fuzzy timedelay systems are provided. 3) A new sliding-mode controller via an output-feedback control approach is designed to guarantee that the closedloop system is uniformly ultimately bounded. The rest of this paper is organized as follows. Section II describes the IT2 fuzzy plant with time delay and uncertainties and presents the H 2 guaranteed cost function and H ∞ performance index. In Section III, the new sliding surface and sliding-mode controller via output-feedback control method are designed, and the optimal schemes of guaranteed-cost-based SMC and H ∞ -based SMC are detailed. In Section IV, a simulation example is presented. Section V concludes the paper.
Notation:
The superscripts "T " and "−1" stand for the matrix transpose and inverse, respectively. The symbols " * " and "I" denote the transposed elements in the symmetric positions of a matrix and an identity matrix with appropriate dimension, respectively. X > 0 (X < 0) means matrix X is positive (negative) definite. λ min (X) denotes the smallest eigenvalue of the matrix X, and trace (X) is the trace of matrix X. · and · 1 represent the Euclidean norm and 1-norm (sum of absolute values), respectively. sgn (·) is the symbolic function.
II. PROBLEM FORMULATION
The following IT2 fuzzy systems are considered to represent a nonlinear plant with uncertainties. Fuzzy Rule i : 
whered and τ are constants. ϕ(t) denotes the initial condition for −d ≤ t ≤ 0, which is a constant scalar or differentiable function [33] .
are known system matrices. It is assumed that each local linear system in (1) is completely controllable and observable. In this paper, we use D i = B i and C 1 = C 2 = · · · = C p = C for analysis, where C is a known constant matrix. The firing interval of the ith rule is as follows: 
) for all i and t ≥ 0. Then, the established IT2 T-S fuzzy systems in (1) can be rewritten as follows:
where ψ i (θ(t)) is the grade of membership of the ith local system, which is defined as
and υ i (θ(t)) andῡ i (θ(t)) are weighting coefficient functions that can represent the change of the uncertain parameters (unknown but time varying or time invariant). To design an adaptive sliding-mode controller in this paper, the weightῡ i (θ(t)) of the ith membership grade function in (4) satisfies the following assumption:
where α i is the upper bound ofῡ i (θ(t)), which is unknown. Moreover, from (5), it follows that
Based on the system (3), we will design an adaptive SMC law to compensate all nonlinearities, time-varying delays, and uncertainties, and the following requirements are simultaneously achieved:
(R1) The state trajectories of system (3) [i.e., (1 )] are globally driven onto the predesigned sliding surface, and subsequently, the sliding motion is asymptotically stable.
(R2) In the case when w(t) = 0, the cost function [33] for the stabilized time-delay system (3) is
where β is a positive scalar denoting the upper bound of the cost function.
(R3) For a determined scalar γ > 0, under the zero initial condition with w(t) = 0, the controlled output z ∞ (t) satisfies
The problem addressed above is referred to the H ∞ -based guaranteed cost SMC for IT2 fuzzy systems (3) with timevarying delays and uncertainties. In general, the design of the SMC law consists of two steps: 1) designing a sliding surface such that, in the sliding mode, the system response acts like the desired dynamics performances, and 2) synthesizing the SMC law ensuring that the sliding mode can be reached and the system states maintain the sliding mode, and simultaneously, the desired H 2 guaranteed cost performance in (7) and H ∞ disturbance attenuation performance in (8) can be guaranteed.
III. MAIN RESULTS
In this section, we will present the SMC design procedure for system (3) . At first, an integral-type sliding surface is designed based on the system output. The sliding surface parameter K is designed subject to a different optimal objective, which involves H 2 guaranteed cost constraints and H ∞ disturbance attenuation performance. Then, based on the designed sliding surface, an adaptive sliding-mode controller is designed to guarantee that the closed-loop system is uniformly ultimately bounded.
A. Sliding Surface Design
We introduce an auxiliary variablex(t) = Uy (t) = UCx(t) with a given constant matrix U ∈ R n ×n and UC is nonsingular. Denote
and T = GU C for saving space in the following context. Based on the measurable output of the plant, we choose the following integral function as sliding surface:
where G ∈ R m ×n is a known constant matrix satisfying rank(T) = m and TB i is nonsingular with TB i > 0 or TB i < 0 for all i = 1, 2, . . . , p, and K ∈ R m ×n is the sliding surface parameter to be determined. Based on (3) and (9), we havė
s(t) = G A(t) −Ā(t) −B(t) x(t) + B(t)u(t)
When the state trajectories of the system enter the sliding motion, we know s(t) = 0 andṡ(t) = 0. Consequently, according to (10) andṡ(t) = 0, we can get the equivalent control law:
Then, by substituting (11) into (3), the following sliding motion dynamics can be obtained:
where
System G s shows a complexly fuzzified system dynamics, which also can be served as the sliding motion. Based on system (12), we will analyze the stability of the sliding motion and determine the sliding-mode parameter K. The desired guaranteed cost performance and H ∞ performance are analyzed in the following part. Remark 1: It is restrictive to require that the observation vector y(t) and state x(t) have the same dimensions. In order to guarantee that UC is nonsingular, we define the matrix C is full-rank since y = Cx (t) with x(t) ∈ R n . This relationship gives a possible way to design the proposed SMC procedure.
Remark 2: The stability of the fuzzy time-delay system (3) is prerequisite for analyzing the desired performances. On the other hand, the sliding-mode controller is designed to force the trajectories of the plant ( 3) onto the predesigned sliding surface, whose stability is determined by the sliding motion (12) . Therefore, the stability of the sliding motion (12) is important for the overall system stability and performance once the reachability of the sliding surface holds with a sliding-mode controller presented in (22) .
1) Stability Analysis of the Sliding Motion:
For the dynamics of the sliding motion in the first expression of system G s in (12), Theorem 1 gives an asymptotic stability criterion based on the Lyapunov stability theory.
Theorem 1: The sliding motion in (12) is asymptotically stable if there exist matrices
n ×n , U ∈ R n ×n , and K ∈ R m ×n such that the following matrix inequality (i = 1, 2, . . . , p) holds:
Proof: See Appendix A.
Remark 3:
In terms of the form of inequality (13), there exist complex couplings with the matrix K. For a solvable solution via a convex approach, we can give the matrices P and Z to receive a feasible solution. Similar problems in Theorems 2-4 can be coped by this concise approach.
2) Analysis of H 2 Guaranteed Cost Performance: When the state trajectories of the plant in (3) are forced to be driven onto the designed sliding surface by the sliding-mode controller presented in (22) , the desired H 2 performance index (respectively, the optimal H ∞ disturbance attenuation performance index) can be designed based on the stabilized sliding motion in (12).
According to the required H 2 guaranteed cost performance in (7) for system (3), Theorem 2 provides a condition of optimizing H 2 guaranteed cost performance.
Theorem 2: According to the fuzzy system (12) with w(t) = 0, if there exist matrices P , Q, Z, X 11 , X 12 , X 22 , Y , W , U , and K, as illustrated in Theorem 1, and positive-definite matrices Υ 1 ∈ R n ×n , Υ 2 ∈ R n ×n , and Υ 3 ∈ R n ×n such that
then the system (12) is asymptotically stable, and the optimal H 2 guaranteed cost bound defined in (7) is
Furthermore, the optimal guaranteed cost bound β min can be obtained from the minimization problem min trace (Υ 1 ) + trace (Υ 2 ) + trace (Υ 3 )
s.t. (14)-(17). (19)
Proof: See Appendix B. Remark 4: Theorem 2 directly gives the minimum H 2 guaranteed cost bound. Actually, from the proof of Theorem 2, the desired guaranteed cost bound can be V s (t 0 ) in (38) without the optimization design. The utilization of the guaranteed cost bound design has been developed in many systems, where details can be found in [34] - [36] .
3) Analysis of H ∞ Disturbance Attenuation Performance: Considering the required H ∞ performance in (8) for system (3), we give the condition of optimizing H ∞ disturbance attenuation level in the following theorem.
Theorem 3: The plant (3) can achieve the H ∞ performance in (8) with an optimal disturbance attenuation level γ > 0, if there exist matrices P , Q, Z, X 11 , X 12 , X 22 , Y , W , and K, as illustrated in Theorem 1, such that the following optimization problem has a feasible solution:
and Δ i , Φ 1i , Φ 2i , and Φ 3 are defined in (13) .
Proof: See Appendix C.
4) Analysis of Optimal H ∞ -Based Guaranteed Cost Performance:
When the requirements (R2) and (R3) are both desired, the following theorem gives a sufficient criterion based on the results above.
Theorem 4: The plant (3) can achieve the optimal H ∞ performance in (8) with guaranteed cost performance in (7), if there exist matrices P , Q, Z, X 11 , X 12 , X 22 , Y , W , and K such that the optimization problem min trace(Υ 1 ) + trace(Υ 2 ) + trace(Υ 3 ) + γ * s.t. (14)- (15) and (20) with
has a feasible solution for all i = 1, 2, . . . , p. Moreover, the optimal guaranteed cost function is bounded by β min = trace (Υ 1 ) + trace (Υ 2 ) + trace (Υ 3 ) and the optimal H ∞ disturbance attenuation level is γ min = √ γ * . Proof: See Appendix D.
B. Adaptive Sliding-Mode Controller Design
This subsection gives the desired adaptive sliding-mode controller to stabilize the IT2 T-S fuzzy systems (3). The reachability of the sliding mode for the IT2 T-S fuzzy systems (3) is analyzed. The following theorem gives a sliding-mode controller for system (3). Defineδ(t) =δ (t) − δ,η(t) =η(t) − η andα i (t) =α i (t) − α i , whereδ(t),η(t), andα i (t) are adaptive parameters that estimate unknown parameters δ, η, and α i , respectively.
Theorem 5: The feasible sliding surface has been obtained by Theorem 1. Then, the following controller of the closed-loop system (3 ) is designed such that the sliding surface in (9) and all signals are uniformly ultimately bounded
with u s (t) μB −1 (t)sgn (s(t)), and
where the adaptive laws are as follows: (25) where φ i (t) q iψi (θ(t))α i (t)||s T (t) T||, Proj {·} is the projection operator [37] , whose role is to project the estimates to the interval [0, 1], and μ, λ 1 , λ 2 , ε 1 , ε 2 , and q i are positive scalars with 0 ≤α
. . , p).
Proof: Choose the following Lyapunov function:
As TB i > 0 or TB i < 0 for all i = 1, 2, . . . , p, then it follows
When ||s T (t)T|| = 0, with the controller in (22) and the adaptive laws (23)- (25) for system (3 ) based on (26) , it followṡ
Then, substituting (4) and (5) intoV (t), we obtaiṅ
Therefore, from (27) , applying the technique and result in [38] , we know that the ultimate uniform boundedness of system Remark 5: Theorem 5 gives the control input of plant (3). When the plant is stabilized by the controller (22), the desired H 2 guaranteed cost performance, the H ∞ disturbance attenuation performance, and even the H ∞ -based guaranteed cost performance can be achieved once there exist feasible solutions to the conditions in Theorems 2-4. Meanwhile, the optimal problems presented in Theorems 2-4 indicate the optimal level of the desired performances. The presented optimal SMC schemes are alternative according to the practical situation for engineering applications.
IV. SIMULATION RESULTS
In this section, we will provide the inverted pendulum model shown in Fig. 1 to demonstrate the effectiveness and superiority of the proposed results.
To test the superiority of the designed SMC law subject to the desired guaranteed cost performance, an IT2 fuzzy controller [12] is compared. The dynamics of the inverted pendulum [12] is described as
where θ(t) denotes the angular displacement of the pendulum, 2L = 1 m is the length of the pendulum, the gravity acceleration is g = 9.8 m/s 2 , m p denotes the mass of the pendulum, m c denotes the mass of the cart, a = 1/ (m p + m c ), and u(t) denotes the force applied to the cart. We define
T . Then, the state-space equation of the dynamics can be expressed bẏ
. 
Assume that the uncertain parameters m p and m c satisfy m p min = 1 kg ≤ m p ≤ m p max = 2 kg, and m c min = 2 kg ≤ m c ≤ m c max = 3 kg, respectively. The following four-rule IT2 fuzzy model is used to describe the inverted pendulum with a desired output z 2 (t) and z ∞ (t) considering the state delay
uncertainties v(t), and external disturbances w(t). Fuzzy Rule
where Table I . Besides, we set υ i (θ(t)) = q 1 sin 2 (t) (ῡ i (θ(t)) = 1 − υ i (θ(t))) for Assume
T is an external disturbance. Give a measurable output y(t) = [y 1 (t) y 2 
(t)]
T with y 1 (t) = 0.1x 1 (t) and y 2 (t) = x 2 (t) and the initial condition
T . Next, we compare the proposed SMC approach with an IT2 fuzzy control approach by considering the plant under two cases: the H ∞ disturbance attenuation performance without guaranteed cost constraint and the H ∞ disturbance attenuation performance with guaranteed cost constraint.
Case I: H ∞ disturbance attenuation performance without guaranteed cost constraint 1) Interval type-2 fuzzy control approach: Applying the method in [14] , we use the following fuzzy controller to control the system (29) with time delay
where θ(t) and ϕ i (θ (t)) are defined in [14] (29) . Fig. 4 illustrates the control force. force. Therefore, the SMC approach to the IT2 fuzzy timedelay systems with external disturbances is better than the type-2 fuzzy control approach when considering H ∞ disturbance attenuation performance and H 2 guaranteed cost performance in the simulations. Remark 6: Additionally, in order to compare the presented SMC approach with a guaranteed cost constraint and the presented SMC approach without a guaranteed cost constraint, we take the state response x 1 from Figs. 2 and 5 into a frame, and similarly, x 2 from Figs. 3 and 6 into a frame. The compared results are shown in Figs. 8 and 9 , from which we can find that the presented SMC approach with a guaranteed cost constraint performs better than the presented SMC approach without a guaranteed cost constraint.
V. CONCLUSION
In this paper, the optimal H ∞ guaranteed cost SMC problem has been considered for a class of IT2 fuzzy systems with timevarying delays and uncertainties. A new sliding surface has been designed in terms of different constraints. Then, by the designed sliding surface, the optimal H 2 guaranteed cost performance and H ∞ performance of the plant have been analyzed. A novel adaptive sliding-mode controller via an output-feedback strategy has been presented to guarantee the reachability of the prespecified sliding surface and ultimate uniform boundedness of the closedloop system. Optimal schemes of guaranteed-cost-based SMC and H ∞ -based SMC have been provided. Finally, the utilization of the inverted pendulum system has demonstrated the effectiveness of the control schemes proposed in this paper. However, the phenomenon of chatting cannot be completely eliminated. Therefore, it is still a research topic about how to reduce the chattering in the future studies. The recent techniques to reduce chattering in SMC can be found in [39] and [40] .
